Image quality in diagnostic x-ray imaging is ultimately limited by the statistical properties governing how, and where, x-ray energy is deposited in a detector. This in turn depends on the physics of the underlying x-ray interactions. In the diagnostic energy range ͑10-100 keV͒, most of the energy deposited in a detector is through photoelectric interactions. We present a theoretical model of the photoelectric effect that specifically addresses the statistical nature of energy absorption by photoelectrons, K and L characteristic x rays, and Auger electrons. A cascaded-systems approach is used that employs a complex structure of parallel cascades to describe signal and noise transfer through the photoelectric effect in terms of the modulation transfer function, Wiener noise power spectrum, and detective quantum efficiency ͑DQE͒. The model was evaluated by comparing results with Monte Carlo calculations for x-ray converters based on amorphous selenium ͑a-Se͒ and lead ͑Pb͒, representing both low and high-Z materials. When electron transport considerations can be neglected, excellent agreement ͑within 3%͒ is obtained for each metric over the entire diagnostic energy range in both a-Se and Pb detectors up to 30 cycles/ mm, the highest frequency tested. The cascaded model overstates the DQE when the electron range cannot be ignored. This occurs at approximately two cycles/mm in a-Se at an incident photon energy of 80 keV, whereas in Pb, excellent agreement is obtained for the DQE over the entire diagnostic energy range. However, within the context of mammography ͑20 keV͒ and micro-computed tomography ͑40 keV͒, the effects of electron transport on the DQE are negligible compared to fluorescence reabsorption, which can lead to decreases of up to 30% and 20% in a-Se and Pb, respectively, at 20 keV; and 10% and 5%, respectively, at 40 keV. It is shown that when Swank noise is identified in a Fourier model, the Swank factor must be frequency dependent. This factor decreases quickly with frequency, and in the case of a-Se and Pb, decreases by up to a factor of 3 at five cycles/mm immediately above the K edge. The frequency-dependent Swank factor is also equivalent to what we call the "photoelectric DQE," which describes signal and noise transfer through photoelectric interactions.
I. INTRODUCTION
Image quality expressed in terms of the x-ray image signalto-noise ratio ͑SNR͒ is a balance between system performance and radiation risk to the patient, and it is critical that the best possible SNR be obtained for a specified risk to the patient in order to satisfy the "as low as reasonably achievable" principle. 1 Shaw 2 has shown that image SNR can be quantified in terms of the noise-equivalent number of quanta ͑NEQ͒, given by NEQ͑u͒ϵSNR 2 ͑u͒, as a function of spatial-frequency u. A closely related quantity is the detective quantum efficiency ͑DQE͒, given by DQE͑u͒ ϵ NEQ͑u͒ / q, where q is the average number of quanta per unit area for a uniform Poisson distribution of x rays incident on a detector. An ideal x-ray detector would have a DQE of unity over all spatial frequencies and produce an image with the same SNR as that associated with the incident x-ray distribution.
Fourier-based metrics such as the modulation transfer function ͑MTF͒, Wiener noise power spectrum ͑NPS͒, NEQ, and DQE are generally accepted as primary measures of image noise and detector performance. 3, 4 Fourier methods are applicable to linear and shift-invariant systems where image noise is due to wide-sense stationary 5 ͑WSS͒ or wide-sense cyclostationary random processes. [6] [7] [8] These restrictions generally limit Fourier methods to an analysis of central regions of an image containing only low-contrast structures that do not introduce spectral aliasing. 9 While care must be taken to minimize artifacts due to the use of the discrete Fourier transform, Fourier-based methods are useful in the analysis of many digital detectors, 10 and represent a practical balance between computational sophistication and general accessibility.
In order to visualize small details in an image, the system MTF must have an appreciable value over all spatial frequencies of interest. To visualize small details without using excessive radiation exposure, the DQE must also be as close to unity as possible over these same frequencies. However, achieving a high DQE is a challenging task, particularly at high spatial frequencies. While mammographic film-screen systems can routinely achieve limiting resolutions in excess of 20 cycles/ mm, digital detectors used in mammography are currently limited to 5 -12 cycles/ mm in both the MTF and DQE. 11, 12 In spite of this limitation, it has been shown recently that digital mammography has superior efficacy to film-screen mammography for studies of radiographically dense breasts, 13 and it is generally expected that further improvements in the spatial resolution of digital detectors will result in a further increase in efficacy. Small-animal microcomputed tomography ͑-CT͒ is another rapidly changing field of research with challenging resolution demands. Highresolution imaging with -CT provides a unique opportunity to noninvasively monitor disease models, requiring images to be taken at multiple time points in the same animal. 14 Radiation dose to the animal is therefore an important toxicity consideration, 15, 16 and hence detectors used in -CT must also have excellent DQE characteristics.
High-performance detectors should ideally be quantumnoise-limited, whereby image noise results primarily from the statistical nature of x-ray interactions. In the diagnostic energy range, photoelectric absorption is the primary mechanism whereby x-ray energy is deposited in a detector. Due to the subsequent emission and potential escape of characteristic ͑fluorescent͒ x rays following a photoelectric event, absorption of the incident photon energy must be considered a random process resulting in the DQE being less than the quantum efficiency. This observation was first described by Swank 17, 18 with what has become known as the energydependent "Swank statistical factor," I, which affects the large-area ͑i.e., zero-frequency͒ DQE:
where is the quantum efficiency. The original Swank factor accounts for statistical variations in the amount of incident x-ray energy absorbed, due primarily to fluorescence escape in the detector, and is given by
where M i is the ith moment of the conversion-gain distribution. An additional term is sometimes used to account for variations in optical light transport and collection within a phosphor ͑or electron-hole pairs in the case of a photoconductor͒. 19 Fluorescent x rays are absorbed at random locations in a detector, introducing spatial correlations into an image and an additional frequency-dependent effect on the DQE not accounted for by the current definition of the Swank factor.
Designing new high-performance detector systems requires a comprehensive understanding of the relationship between the physics of x-ray interactions and Fourier-based metrics of image noise. The effect of K fluorescence reabsorption on the performance of photoconductor and phosphor-based x-ray detectors has been investigated by several authors. [20] [21] [22] [23] [24] These investigations showed that K fluorescence reabsorption affects both the MTF and NPS in complex ways, and can potentially decrease the DQE by up to 50% even at low spatial-frequencies. Metz and Vyborny 20 developed a statistical model of reabsorption in a calcium tungstate screen assuming a single ͑average͒ K x-ray energy. While this method provides great insight into the physical causes of DQE degradation, it requires significant expertise in the use of statistical mathematics and is not easily adapted to other systems. Others have used Monte Carlo methods [21] [22] [23] [24] to study the effects of reabsorption and produce accurate models of particular detector designs. However, a single frequency-dependent DQE calculation requires a computation time on the order of days even on a fast personal computer. Since many such calculations are needed to optimize a specific detector design, the necessary computation time is often prohibitive.
Analytic methods based on cascaded-systems theory have also been used to describe the DQE of x-ray imaging systems. With this approach, imaging systems are modeled as a cascade of elementary physical processes, where "transfer" of signal and noise is described by cascading input-output relationships for each process. 25 To accommodate more complex image-forming processes, such as the reabsorption of fluorescent x rays, parallel cascades 26, 27 were introduced to describe signal and noise transfer from multiple serial cascades. This approach has been used to develop DQE models of entire detector systems, including detector element size and added system noise, which have shown good agreement with experimental results for particular amorphous selenium 28, 29 and cesium iodide-based 30,31 systems. However, there are a number of simplifications implicit in previous cascaded models, and the impact of these simplifications remains unclear. For example, these models have only been used to describe the effect of a single ͑average͒ K fluorescent x ray. Reabsorption of L fluorescent x rays becomes important for high atomic number x-ray converter materials, such as lead iodide, [32] [33] [34] [35] but differences between K ␣ , K ␤ , and L fluorescent x rays, and secondary electrons ͑i.e., photoelectrons and Auger electrons͒ have been ignored. Although these simplifications have permitted direct comparisons of the parallel-cascaded approach with the original work of Metz and Vyborny, 20 no attempts have been made to assess the physical accuracy of these models. Rather, simple Monte Carlo studies 24, 36 have confirmed the statistical correctness of the cross-spectral density term required in parallel cascades, but not the correctness of the model itself to describe actual physical processes. This limits the utility of these models for use in optimizing current detector systems and exploring new detector designs.
In this article, we present a comprehensive model of how photoelectric interactions affect image signal and noise by specifically addressing the statistical nature of energy absorption by photoelectrons, K and L fluorescent x rays, and Auger electrons. A cascaded-systems approach is used that employs a complex structure of parallel cascades to describe signal and noise transfer. The results of our model are compared with: ͑i͒ Monte Carlo simulations of x-ray photon and electron transport and ͑ii͒ the simpler Metz and Vyborny 20 model, in selenium ͑Se͒ and lead ͑Pb͒, which represent both low and high atomic number materials, respectively. The effect of the finite range of photoelectrons and Auger electrons is addressed with Monte Carlo simulation, but not included in the model. The accuracy of each model to describe the "photoelectric" MTF and DQE, and the conditions for which each model is valid, are also determined. In addition, an analytic expression for Swank noise is derived, and a frequency-dependent Swank factor is introduced.
II. THEORY

A. Review of the photoelectric effect
In a photoelectric interaction, 37, 38 the energy of an incident photon is transferred to an atom and an electron is ejected from an inner atomic shell, leaving the atom in an excited state. The atom de-excites through a series of electron transitions, resulting in the emission of characteristic ͑fluorescent͒ x rays and Auger electrons. Figure 1 illustrates a partial cascade of possible transitions following a photoelectric interaction with the K shell.
Photoelectric interactions most likely occur with the inner-most atomic shell with a binding energy less than or equal to the incident photon energy. For example, removal of a K shell electron through the photoelectric effect is possible only when the incident photon energy ͑h͒ is greater than the binding energy of the K shell ͑E K ͒, and happens with a probability given by the K participation fraction ͑P K ͒. The vacancy left in the K shell is subsequently filled by an electron from a higher atomic shell. If the vacancy is filled by an L shell electron, the atom most likely emits a characteristic ͑K ␣ ͒ x ray with an energy equal to the difference between the binding energy of the K and L shells, E K − E L . The probability of emission is called the KL fluorescence yield, KL . The other ͑less likely͒ pathway will emit an L shell ͑or higher shell͒ Auger electron with a kinetic energy of E K −2E L . Each of these pathways cause additional electron vacancies, lead- ing to additional electron transitions and the creation of lower-energy characteristic x rays and/or Auger electrons, until the atom returns to a de-excited state.
B. Cascaded model of photoelectric interactions
Energy-absorption events in a detector subsequently lead to liberation of "image-forming" quanta, such as electronhole pairs in the case of a photoconductor or optical light in a phosphor. The cascade of events following a photoelectric interaction creates statistical spatial correlations in where, and how, these image-forming quanta are liberated. Much of that complexity is concealed by using a model that cascades simple processes having well-defined input-output statistical relationships. We assume that WSS conditions are satisfied and each process in the model is statistically independent of all others.
X-ray interactions are well described using random pointprocess theory 39 as introduced to the medical-imaging community by Barrett, Wagner, and Myers. 9, 40 In our model, the input, q in ͑r͒, is a spatial distribution of Dirac impulse functions, representing the random locations of x-ray quanta incident on a detector:
where r is a spatial coordinate vector in the image plane, r n is a random vector that describes the location of the nth x-ray quantum, and Ñ is a random variable describing the total number of incident quanta. The overhead tilde ͑e.g., Ñ ͒ is used to indicate a random variable and a boldface ͑e.g., r͒ indicates a vector. The output, q out ͑r͒, represents a spatial distribution of liberated image-forming quanta, the end-point of our model. Thus, our model describes only the fundamental signal and noise transfer through the photoelectric process itself. A more comprehensive model of an entire detector system would also include absorption, scatter, and collection of these quanta, and other system-related effects.
In the following sections, we describe two cascaded models of the photoelectric effect. The first is a simple-atom model, originally proposed by Metz and Vyborny, 20 that describes the effect of emission and reabsorption of a single "average" characteristic x ray. This model is simple to use, but is limited under certain conditions as discussed later. The second is a complex-atom model that specifically addresses atoms with multiple atomic shells, multiple emissions of characteristic x rays, photoelectrons, and Auger electrons.
Simple-atom model
As illustrated in Fig. 2 , a random selection ͑probability ͒ of incident x-ray quanta undergo a photoelectric interaction, where is the quantum efficiency of the detector. For each photoelectric event, three possible scenarios combine to liberate image-forming quanta: ͑1͒ local absorption of part of the incident x-ray energy for the events in which a characteristic photon is emitted; ͑2͒ absorption of the characteristic photon at a remote location; and ͑3͒ local absorption of all incident x-ray energy when no characteristic photon is emitted. These three scenarios correspond to the upper, middle, and lower paths ͑cascades͒ in Fig. 2 .
For each photoelectric event described by the input q pe ͑r͒, a characteristic photon either will, or will not, be emitted. The random separation of q pe ͑r͒ into corresponding distributions is called here a "Bernoulli branch" as it selects events that result in an emission ͑with probability P K K where P K is the probability of a K-shell interaction and K is the K fluorescent yield͒, from those that do not.
For each event producing a K photon, two things will happen. Energy h − h K is deposited locally by a photoelectron, resulting in the liberation of an average of ḡ K1 = ͑h − h K ͒ / W liberated image quanta ͓q 1 ͑r͒ in Fig. 2͔ , where h K is the characteristic photon energy and W is the average work energy required to liberate one image-forming quantum. Thus, q 1 ͑r͒ is a spatial distribution of points identifying image-forming quanta liberated by K photoelectrons. Since we are neglecting the range of electrons, any points in q 1 ͑r͒ overlap due to the liberation of multiple image quanta at each photoelectric interaction site. An additional distribution of image quanta q 2 ͑r͒ is liberated by absorption of the K characteristic photon at a remote site as described by the middle path, where f K is the probability of absorption, CSF K ͑r͒ ͓the characteristic spread function ͑CSF͔͒ is the absorption probability distribution function ͑PDF͒ and ḡ K FIG. 2. Schematic illustration of the simple-atom model. The term "simple atom" refers to photoelectric events involving only the K shell and subsequent reabsorption of a single average K characteristic x ray. Input to the model is a spatial distribution of incident quanta, q in ͑r͒, and the output is a spatial distribution of liberated imaging-forming quanta, q out ͑r͒. A two-dimensional graphic of points is shown at selected stages to illustrate the various image-forming processes involved in the model. Dot diameter reflects approximate energy associated with each event.
= h K / W is the average number of quanta liberated. This distribution is obtained by cascading the stages of selection, quantum scatter, and quantum gain.
The lower path describes liberation of image-forming quanta at the photoelectric interaction site when no K characteristic photon is produced, resulting in the distribution q 3 ͑r͒, where ḡ K2 = h / W in Fig. 2 .
Complex-atom model
The complex-atom model ͑Fig. 3͒ allows for photoelectric interactions in K, L, and M shells. Eleven parallel pathways are required to describe the liberation of image-forming quanta for each photoelectric interaction.
A Bernoulli branch separates the distribution of photoelectric events into two main paths: ͑1͒ events that involve the K shell ͑probability P K ͒; and ͑2͒ events that involve the L or higher shells ͑indicated by L + , probability 1 − P K ͒. These two paths correspond to the initial upper and lower branches of what we call the parent complex model in Fig. 3͑a͒ .
The upper branch splits into two paths. The top path describes the liberation of image-forming quanta, q 1 ͑r͒, at the primary interaction site due to local deposition of energy by the K photoelectron. The bottom path determines the type of electron transition that will fill the vacancy left by the K photoelectron. A Bernoulli branch is used to decide between a KL transition ͑probability KL ͒ and a KM transition ͑prob-ability 1 − KL ͒. Each of these transitions subsequently leads to further cascades of other processes that result in the emission of characteristic x rays and Auger electrons.
The image-forming processes involved in a KL transition are illustrated in Fig. 3͑b͒ . The input is a distribution of KL transition events that undergo a binomial selection process to determine if a K ␣ characteristic x ray is produced, where KL is the K ␣ fluorescent yield. Path KL-I describes the emission of image-forming quanta at a remote site due to the absorption of a K ␣ x ray. Here a quantum selection stage determines which K ␣ x rays undergo reabsorption ͑probability f KL ͒, a quantum scatter stage determines where the K ␣ x rays are absorbed ͑probability density CSF KL ͒, and a quantum gain stage describes the conversion of K ␣ x rays into imageforming quanta ͑gain ḡ KL ͒. Path KL-II accounts for the vacancy left in the L shell following a KL transition. We assume here that an M shell electron fills the L shell vacancy ͑i.e., LM transition͒ and the sequence of events that follow an LM transition is described below. Path KL-III describes emission of image-forming quanta when no K ␣ x ray is produced.
In the case of a KM transition as illustrated in Fig. 3͑c͒ , the image-forming processes are similar to those of the KL transition except we assume that any subsequent electron transitions involved in filling the M shell vacancy emit such low-energy characteristic x rays that all energy is absorbed locally.
The lower branch of the parent model describes the se- Signal and noise transfer through the photoelectric effect in the complex-atom model is described by cascading appropriate input-output relationships of the MTF and NPS for each process as summarized in Sec. II D. Values of physical constants used in the model are listed in Table I and the number of liberated image-forming quanta ͑i.e., gain͒ for each path is summarized in Table II . The inclusion of multiple atomic shells in the model has increased the number of image correlations and therefore cross-spectral density terms. Table III summarizes the particles that liberate imageforming quanta in each path and the paths that each path correlates with.
C. Characteristic x-ray reabsorption
Absorption of characteristic x rays is characterized in terms of two parameters: f i , the absorption probability for a photon from shell transition i; and CSF i ͑r͒, the CSF or absorption probability density function with respect to the photoelectric interaction site. Both of these parameters depend on the incident photon energy, detector material and geometry.
Our calculation of f i and CSF i ͑r͒ is similar to that of Metz and Vyborny 20 and Que and Rowlands, 42 although we use a more formal theory of random processes. A semi-infinite thick detector is chosen here, and corresponds to a detector thick enough to give a quantum efficiency close to unity. However, they can of course be calculated for any specific detector material and thickness.
The variables associated with reabsorption are illustrated in Fig. 4 . In the case of a normally incident x ray that interacts at depth z in the detector, a characteristic x ray is emitted with polar angle and azimuthal angle , and is reabsorbed after a distance l. These variables represent independent random processes, so we need to determine the CSF in terms of these variables, CSF͑r ͉ , l , , z͒, and then average over each one
where the angle brackets denote a statistical average over the indicated random variable. The CSF is normalized such that the probability of reabsorption is given by the two dimensional integral of the CSF
The Fourier analog of the CSF is the characteristic transfer function ͑CTF͒, 
͑6͒
and the central ordinate theorem 5 gives
The reabsorption transfer function ͑RTF͒ is defined as the normalized CSF
For specific values of , l, , and z, the CSF is a twodimensional ͑2D͒ Dirac ␦ function CSF͑r͉,l,,z͒ = ␦͑r x − l sin cos ͒␦͑r y − l sin sin ͒, where pr ͑͒ = sin / 2 is the probability density function for after projection onto the 2D image plane. For computational convenience we make the substitution s = cos in Eq. ͑13͒, giving 
͑16͒
The probability density function of the incident x ray interaction depth, pr z ͑z͒, is given by
where ͑h͒ is the linear attenuation coefficient at incident x-ray energy h. Finally, the CTF is obtained by averaging Eq. ͑14͒ over the remaining random variable z:
which can only be solved by numerical integration. The CTF is circularly symmetric and is expressed in terms of the scalar frequency .
The parameters f and RTF͑͒ required for each characteristic x ray are obtained using Eqs. ͑7͒ and ͑8͒. Figure 5 shows the reabsorption probabilities for L and K ␣ characteristic x rays as a function of incident photon energy for two FIG. 4 . Schematic illustration of characteristic ͑fluores-cent͒ x-ray reabsorption. For a normally incident x ray that interacts at depth z from the surface, a fluorescent x ray is emitted at angle and reabsorbed after a distance l. The projected reabsorption site onto the image plane may be any point on a circle of radius r centered at the primary interaction site. ͑a͒ Cross-section view and ͑b͒ image-plane view.
thicknesses of a-Se and Pb. The probability of reabsorbing L and K ␣ x rays is lowest just above the L-and K-edge energies, respectively. As the incident photon energy increases, more x rays interact deeper in the detector. Therefore, fewer L and K ␣ x rays escape from the top surface. A thickness dependence in the reabsorption probability is seen only for the case of K ␣ x rays in both a-Se and Pb, where the difference is attributed to the escape of these x rays from the bottom surface of the thin ͑i.e., 200 m͒ detector.
D. Signal and noise transfer
Signal and noise transfer through the photoelectric effect is described in terms of: ͑i͒ mean gain, ͑ii͒ MTF, and ͑iii͒ NPS associated with the liberation of image-forming quanta by cascading transfer expressions of the elementary processes in each model as described elsewhere. 36 The overall expressions of the mean gain, MTF, and NNPS are listed in the Appendix for both the simple and complex-atom models.
Mean gain
The mean gain, Ḡ pe , of the photoelectric process is the average number of image-forming quanta produced per photoelectric event, and is given by the sum of the contributions from each path in the model
where q i is the mean number of image-forming quanta per unit area liberated from the ith path, q s is the average number of liberated image quanta per unit area in the detector, M is the number of paths in the model, and ḡ i is the product of all mean gain values along path i.
The mean gain is a measure of overall signal transfer, and is also called the "large-area" gain. Expressions of ḡ i for each path in the complex-atom model are summarized in Table II .
Modulation transfer function
The photoelectric MTF, MTF pe ͑͒, is equal to the weighted average of contributions from each path Table II lists the MTF for each path in the complex-atom model.
Noise power spectrum
The NPS associated with the distribution of liberated image-forming quanta, NPS pe ͑͒, is obtained by cascading NPS transfer expressions along each path, summing the results, and adding the necessary cross terms between paths
The cross term 27 is nonzero when correlations exist between the corresponding distributions.
For 
͑22͒
It is a unitless quantity that describes the NPS relative to that of a noise-free conversion of x-ray energy into imageforming quanta ͑without absorption or scatter͒ with a deterministic gain of Ḡ pe .
FIG. 5. Reabsorption probabilities for L and K ␣ fluorescent x rays as a function of incident photon energy for two thicknesses of ͑a͒ a-Se and ͑b͒
Pb. As the incident photon energy increases above the L or K edge, more x rays interact deeper in the detector, and hence, fewer fluorescent x rays escape.
Detective quantum efficiency
The detective quantum efficiency is defined as
In this article, we use the term "photoelectric" DQE, DQE pe ͑͒, to describe the transfer of the squared SNR through the photoelectric process, given by
Equation ͑24͒ also represents the DQE of an imaging system in which all incident x rays interact, and undergo only photoelectric events, and all liberated image-forming quanta contribute to the output signal with no other sources of signal degradation. It therefore represents the maximum DQE that any x-ray imaging system can attain when the photoelectric effect is the dominant x-ray interaction process. When only a fraction of incident x rays interact, the same analysis shows that Ḡ = Ḡ pe , MTF͑͒ = MTF pe ͑͒ and NNPS͑͒ = NNPS pe ͑͒ / , resulting in DQE͑͒ = DQE pe ͑͒.
͑25͒
III. METHOD OF VALIDATION
In order to validate the theoretical expressions of the photoelectric MTF, NPS, and DQE, Monte Carlo simulations ͑electron gamma shower͒ 43, 44 were performed to determine the distribution of absorbed energy. The Monte Carlo user code ͑DOSXYZnrc͒ 45 was used to simulate the coupled photon-electron transport within a rectangular slab geometry and to score the amount of energy deposited within the detector volume. In order to determine the importance of the finite range of liberated electrons, simulations were performed both without and with electron transport included. In addition, coherent scatter events were disabled in the simulations, and Compton scatter events, accounting for less than a few percent of all interactions for the conditions tested here, also have a negligible effect on the Monte Carlo results.
The thicknesses of amorphous selenium and lead were chosen to correspond with the 99% value of the quantum efficiency at each incident photon energy to remove the thickness dependence from the simulations. Using such a thick converter material may degrade the MTF and DQE more than a thinner converter, and hence, our results may represent a lower bound on these quantities.
For the photoelectric MTF, simulations were performed using an infinitesimal pencil beam of x rays ͑10 7 histories͒ incident on a 0.4096ϫ 0.4096 cm 2 ͑2-m square pixel͒ rectangular slab. The resulting dose deposition maps represent the 2D point spread function ͑PSF͒ when normalized to unit area, and the MTF is calculated from the PSF using the 2D Fourier transform.
For the photoelectric NPS, a series of ten flat field noise images were simulated with a parallel x-ray beam of 10 8 incident x-ray histories per image over an area of 2.048 ϫ 2.048 cm 2 ͑10-m square pixel͒. Boundary effects from the Monte Carlo simulations were avoided by excluding 200 pixels from each image edge, which was sufficient to ensure uniform energy deposition within each cropped image. Each of the final noise images had 1800ϫ 1800 data points, which were subdivided into 81 subimages, each with 200ϫ 200 data points, for a grand total of 810 subimages. The onedimensional noise power spectrum in the x direction was calculated for each subimage using the "synthesis" technique of NPS analysis in each subimage, E͕¯͖ and DFT͕¯͖ represent the expectation and discrete Fourier transform operators, and ⌬d n x ,n y is the zero-mean realization of the dose deposited at pixel location ͑n x , n y ͒. Note that selection of the x direction is arbitrary since the NPS is equivalent in the x and y directions.
Once the MTF and NPS were determined from the Monte Carlo simulations, the photoelectric DQE was calculated using Eq. ͑24͒. Table I , and numerical calculations of the reabsorption probability f i ͑see Fig. 5͒ and characteristic transfer function CTF i ͑͒; the MTF, NPS, and DQE were calculated for the complex-atom model and compared with Monte Carlo results.
IV. RESULTS
Using the constants listed in
A. Reabsorption transfer function
The RTF for L and K ␣ characteristic x rays are shown in Fig. 6 for amorphous selenium ͑a-Se͒ and lead ͑Pb͒ x-ray converters at selected incident photon energies both above and below the K-edge energy in each material. The RTFs decrease with spatial-frequency more quickly in Pb than aSe because of the greater energy, and hence greater mean free path, of the L and K ␣ fluorescent x rays. There is a small energy dependence due to differences in average interaction depths. Carlo results obtained without electron transport showed excellent agreement ͑within 1% for both a-Se and Pb͒ with the analytic results for all spatial-frequencies and incident photon energies tested ͑0 -30 cycles/ mm and 12-100 keV͒. At energies below the K edge ͑12.66 keV͒ in a-Se, reabsorption of L fluorescent x rays has a negligible effect on the MTF, which remains approximately unity past 30 cycles/ mm. Just above the K edge, reabsorption reduces the MTF to 0.75 at 10 cy/ mm. The effect of reabsorption decreases with increasing energy, but remains significant throughout the energies used in mammography.
B. Modulation transfer function
In the case of Pb, reabsorption of L fluorescent x rays never degrades the MTF by more than 5%. However, K fluorescence reabsorption has a dramatic effect above the K-edge energy ͑88 keV͒, reducing the MTF to 0.60 at 2.5 cycles/ mm and less than 0.50 above five cycles/mm.
While this effect decreases with increasing energy, it will impact on the use of Pb and other high-Z based detectors at energies above their K edges.
When the effects of electron transport are included ͓Figs. 7͑b͒ and 7͑d͔͒, the analytic and Monte Carlo results begin to diverge at approximately ten cycles/mm in a-Se and 15 cycles/ mm in Pb for incident photon energies greater than 40 keV. The cause of the disagreement is due to the finite range of electrons that spread energy away from the primary interaction site, and hence, degrades the MTF. The effect of electron transport is observed primarily at high spatial frequencies because of the small electron range. In contrast, reabsorption of fluorescent x rays also affects the MTF at lower spatial frequencies due to their long mean free paths. For example, the ranges of K and L photoelectrons produced by an incident photon energy of 40 keV in a-Se and Pb are approximately 6 and 3 m, respectively, compared to the mean free paths of K and L fluorescent x rays of approximately 80 and 6 m. The decrease in the MTF slightly above the Pb K edge is due to L photoelectrons and not K photoelectrons, since the latter have little kinetic energy, and hence, range. The normalized NPS is defined such that it will have a value of unity for all spatial frequencies when the same number of secondary image-forming quanta are produced by each photoelectric event. This is true to a good approximation below the K edge in a-Se as shown in Fig. 8͑a͒ for the 12-keV incident x ray. However, just above the K edge ͑13 keV͒, the NNPS is greater than unity. This result may appear surprising at first given the expectation that the maximum value of the NNPS, as defined by Eq. ͑22͒, not exceed unity. However, variability in the conversion gain Ḡ pe results in "Swank" noise, which increases the NNPS. This is further recognized by looking at the zero-frequency expressions of the NNPS in both the simple and complex-atom models ͓from Eqs. ͑A3͒ and ͑A6͔͒, where each can be put into the form 
C. Noise power spectrum
͑27͒
In the case of the simple-atom model
The value of Ḡ pe is normally much greater than unity, and hence, we obtain
where Ē esc = h K P K K ͑1− f K ͒ is the average escape energy carried by the K fluorescent x ray. Since both h and h K are always greater than Ē esc , the second term in Eq. ͑29͒ is always greater than or equal to zero. This "Swank absorption noise" is discussed further in Sec. IV F. With increasing energy, f K increases ͑Fig. 5͒, and NNPS pe ͑0͒ approaches unity. The NNPS decreases with increasing spatial frequency due to spatial correlations caused by reabsorption. When electron transport is included in the Monte Carlo simulations ͓Figs. 8͑b͒ and 8͑d͔͒, the analytic and Monte Carlo results start to differ at approximately ten cycles/mm for incident photon energies greater than 40 keV. This discrepancy demonstrates that electron transport is the primary cause of failure of the cascaded NPS model, causing an overestimate in noise. This in turn determines the incident x-ray energies and spatial frequencies over which the cascaded models are accurate. The error due to electron transport at 30 cycles/ mm is approximately 10% and 30% for incident photon energies of 40 and 80 keV, respectively.
The photoelectric NNPS for a lead x-ray converter is shown in Fig. 9 . In the absence of electron transport, agreement between the complex-atom model and Monte Carlo simulation is excellent. Above the K edge, the NNPS is reduced by up to 25% due to reabsorption. Electron transport considerations only affect the NNPS above approximately ten cycles/mm ͑due to L and K photoelectrons͒. Figure 10 shows a comparison of the photoelectric DQE determined by the complex-atom cascaded model with Monte Carlo simulations at selected incident photon energies in amorphous selenium. In all cases, if no fluorescent radiation is produced, the DQE is unity at zero spatial frequency.
D. Detective quantum efficiency
When electron transport can be ignored, excellent agreement is once again obtained between the analytic and Monte Carlo results for all spatial frequencies and incident photon energies tested. Below the K edge, the DQE is unity, while slightly above the K edge, the zero spatial-frequency value is reduced to 0.88 due to Swank absorption noise. However, the DQE drops dramatically with increasing frequency due to statistical correlations caused by reabsorption and has a value of approximately 0.55 at ten cycles/mm. At greater incident energies, Swank absorption noise becomes less significant, and the DQE once again approaches unity.
With electron transport ͓Figs. 10͑b͒ and 10͑d͔͒, the analytic results agree with the Monte Carlo simulations up to 30 cycles/ mm at all energies up to 40 keV. However, at 80 keV they start to differ at approximately two cycles/mm.
Results of the photoelectric DQE in the case of a lead x-ray converter are shown in Fig. 11 . The effect of electron transport is less severe in Pb both below and above the K edge compared to a-Se, and it is interesting to note that the overall effect on the DQE is negligible. Reabsorption of K fluorescent x rays degrades the DQE significantly, decreasing the value to 0.25 at five cycles/mm for an 89-keV x ray.
E. Comparison between simple and complex-atom models
The simple and complex-atom models differ the most when used to describe high-Z detector materials as correlations will be introduced by both K and L fluorescent emissions. Figure 12 shows a comparison of the simple and complex-atom models with Monte Carlo simulations ͑ignor-ing electron transport͒ for 89-and 100-keV x rays in a Pb converter. The MTF and DQE results between the two models differ by no more than 2% at any spatial frequency tested.
F. Frequency-dependent Swank noise
The Swank factor I is of key importance. It shows how the DQE is less than the quantum efficiency, and is equivalent to the photoelectric DQE, seen by comparing Eqs. ͑1͒ and ͑25͒,
and using the simple-atom model, an analytic expression for I͑͒ can be written as
for the case of Ḡ pe ӷ 1. At zero spatial frequency, this expression simplifies to
which is consistent with Eq. ͑29͒. The Swank factor given by Eq. ͑30͒ at selected spatialfrequencies is shown in Fig. 13 as a function of incident photon energy for both amorphous selenium and lead. The zero-frequency line corresponds to the conventional interpretation of I. For both a-Se and Pb, I͑0͒ falls to a value of approximately 0.8 just above the K edge. However, use of only the zero-frequency component understates the real impact of Swank noise over many frequencies of importance by a factor of 3-4, as I͑͒ decreases to 0.65 and 0.25 just above the K-edge energy in a-Se and Pb, respectively, at five cycles/mm. Clearly, a high DQE can be achieved ͑in principle͒ for x-ray energies between the L and K-edge energies, but Swank noise will be a serious limitation to image quality obtained using high-Z detector materials, if a significant fraction of incident x rays have energies greater than the K-edge energy.
V. DISCUSSION
The complex-atom model developed in this study is an extension of the simple-atom model originally described by Metz and Vyborny. 20 In high-Z materials, such as Pb, use of the complex model describes reabsorption from both K and L atomic shells. Above the K edge, L fluorescence reabsorption has a small effect ͑ϳ2%͒ on both MTF and DQE. However, just above the L edge, L fluorescence reabsorption degrades the DQE by 18% in Pb ͑see Fig. 11 at 16 keV͒. Thus, while the simple model is likely adequate for most detector materials ͑e.g., a-Se or CsI͒, its limitations cannot be ignored, and in the case of high-Z materials ͑e.g., Pb͒, the complex model should be used.
Fluorescence reabsorption causes a drop in both the MTF and DQE with increasing spatial frequency by an amount dependent on the reabsorption probability, f, and characteristic transfer function, CTF͑͒. Table IV summarizes the maximum drop at high-spatial frequency for the limiting cases of no reabsorption ͑f =0͒ and full reabsorption ͑f =1͒ at typical energies used for mammography and micro-CT, which can be up to 33%. We found that a practical detector thickness of 200 m yields values close to the f = 1 case. As a result, current photoconductor-based detectors under these conditions already experience maximal drops in MTF and DQE due to fluorescence reabsorption, and increasing detector thickness to improve quantum efficiency will not produce further degradation from reabsorption. Therefore, future detector designs could potentially benefit from increases in detector thickness.
In a real x-ray detector, other effects degrade the MTF and DQE in addition to fluorescence reabsorption. Figure 14 compares the measured DQE 29 from a prototype a-Se detector used for digital mammography to the photoelectric DQE. The zero-frequency value is approximately 18% less than the photoelectric DQE, and 55% less at six cycles/mm. Since the photoelectric DQE represents an upper limit in detector performance, there is still room for improvement in photoconductor-based detectors ͑e.g., a-Se͒ in mammogra- phy. For example, improvements at high-spatial frequencies may be achieved by reducing detector element size to minimize the impact of noise aliasing. Several simplifying assumptions have been made in order to minimize the complexity of the complex-atom model. They include: ͑a͒ exclusion of electron transport; ͑b͒ monoenergetic incident x rays; and ͑c͒ single atomic number x-ray converter materials. It has been shown that assumption ͑a͒ limits both the incident x-ray energy range and spatialfrequency range of applicability of the model for single-Z detectors. Table V summarizes the specific incident photon energy and spatial-frequency ranges over which the complex-atom model is valid.
Electron transport effects have been neglected in the complex-atom model because the point-spread functions required to describe electron paths are dependent on both the energy and direction of the photoelectrons. Thus, it may not be possible to represent electron effects as an independent "scatter" process using the cascaded approach. However, it may be possible to do this in the future using combinations of "labeled" processes, where both conversion gains and point-spread functions can themselves be functions of random variables. This idea of labeled processes was introduced by Rabbani and Van Metter, 47 and used in a study of image quality in portal imaging by Lachaine and Fallone. 48 In this regard, the present study was restricted to identifying when electron transport effects cannot be ignored. In the case of mammography and micro-CT, the effects of electron trans- port on the MTF and DQE are negligible ͑a few percent͒ compared to that from fluorescence reabsorption.
Although all of our results have been calculated for monoenergetic incident x-ray beams, they can easily be generalized to polyenergetic beams. Knowledge of the incident x-ray spectrum can be used to weight the individual monoenergetic MTF and NNPS results to yield an average value of the DQE representative of that spectrum. Since the complexatom model describes multiple atomic shells, the weighting procedure can accommodate the case when the incident spectrum is composed of x rays both above and below the K edge of the x-ray converter material.
Our results have been validated using single-Z x-ray converter materials such as amorphous selenium and lead. Note that Pb here represents a hypothetical detector material motivated by the photoconductor material lead iodide ͑PbI 2 ͒. Multi-Z materials present additional complications due to a K fluorescent x ray from a Pb atom interacting with an iodine atom to produce an additional K fluorescent x ray. A modified cascaded model could be developed to answer such questions, but this is beyond the scope of the present study.
Even though the overall mathematical expressions of the photoelectric MTF, NPS, and DQE based on the complexatom model involve many algebraic terms, these expressions are easy to evaluate with negligible computational effort ͑i.e., milliseconds͒ compared to Monte Carlo simulations ͑i.e., days͒. In addition, cascaded models can be more physically intuitive than Monte Carlo simulations, in the sense that the impact on the DQE of each parameter can be determined, and bottlenecks in performance identified. An example was recognizing that the Swank factor can be generalized into a frequency-dependent factor, and that it is also equivalent to the photoelectric DQE as defined here.
The Swank factor has a minimum value just above the K-edge energy. This has an important implication for technique optimization for radiographic imaging. While it is sometimes believed the optimal energy is just above the K edge ͑e.g., iodine edge in angiography͒, this is also the energy at which the Swank factor can have a small value at spatial frequencies of importance. The implication is that while the zero-frequency DQE may be optimized just above the photoelectric edge, the DQE at higher frequencies may not, and technique optimization should be performed as a function of spatial frequency. The cascaded approach is a good candidate for such studies. Use of the cascaded-systems approach makes it convenient to use these results as the first stage of more comprehensive models of x-ray imaging systems for the development and evaluation of new x-ray detectors with better performance specifications. However, a word of caution is required here. While I is called the Swank factor, it is only correct to use it as a multiplicative factor in the DQE at stages where noise is Poisson distributed. This is the case for incident x rays, but not for secondary quanta subsequent to a conversion gain stage. Thus, while the frequency-dependent Swank factor scaled by the quantum efficiency does indeed provide a complete description of the DQE as used in this study, it is not correct to simply multiply the result by other factors to determine the DQE of a more complex system. Rather, a cascaded model of the more complex system must be developed and signal and noise cascaded through the entire model.
VI. CONCLUSIONS
A Fourier-based description of the photoelectric effect in diagnostic x-ray imaging detectors has been developed to describe signal and noise transfer in terms of the MTF, NPS, and DQE using a linear cascaded-systems approach. The analytic model makes extensive use of parallel cascades to describe the statistical correlations in image noise due to: ͑i͒ the reabsorption of K ␣ , K ␤ , and L fluorescent x rays; and ͑ii͒ the deposition of energy from K and L photoelectrons, and L and higher shell Auger electrons. Validity of the cascaded model was evaluated by comparing the results with Monte Carlo calculations for x-ray converters based on amorphous selenium and lead. When electron transport considerations can be neglected, excellent agreement ͑within a few percent͒ was obtained for the MTF, NPS, and DQE over the entire diagnostic energy range in both a-Se and Pb up to a spatial frequency of 30 cycles/ mm. Therefore, the analytic model is extremely accurate for all photon-based physical processes associated with photoelectric absorption. However, under certain conditions, the range of photoelectrons limits the range of applicability of the analytic model. For example, in a-Se, electrons start to play a significant roll in degrading the DQE at two cycles/mm at an incident photon energy of 80 keV, whereas in Pb, electron transport can be neglected over the entire diagnostic energy range.
In the context of mammography and micro-CT, where the mean incident x-ray energy is approximately 20 and 40 keV, respectively, the following conclusions can be drawn:
• effects of electron transport on the photoelectric MTF and DQE are negligible compared to fluorescence reabsorption for a-Se and Pb; • maximum decreases in spatial resolution due to fluorescence reabsorption are approximately 30% and 20% in a-Se and Pb, respectively, at 20 keV; and 15% and 10%, respectively, at 40 keV;
• maximum increases in Swank noise due to fluorescence reabsorption are approximately 30% and 20% in a-Se and Pb, respectively, at 20 keV; and 10% and 5%, respectively, at 40 keV; and • current thicknesses of a-Se and Pb-based detectors used in mammography approximately result in maximal drops in photoelectric MTF and DQE, indicating that further increasing detector thickness may improve quantum efficiency without further degradation from fluorescence reabsorption.
The concept of a frequency-dependent photoelectric Swank factor was introduced and shown to be equivalent to what we call the photoelectric DQE, a description of squared-SNR transfer through photoelectric interactions. It represents the maximum DQE that any x-ray imaging system can attain when photoelectric absorption is the dominant x-ray interaction. It is shown that this factor significantly decreases with spatial-frequency immediately above the K edge, and in the case of a-Se and Pb, can understate the real impact of Swank noise by a factor of 3 at five cycles/mm. It also provides a complete description ͑within the stated assumptions͒ of the relationship between the physics of photoelectric interactions and their impact on Fourier-based measures of detector performance.
Simple-atom model
The simple-atom model accounts for emission of only a single characteristic x ray, and under the conditions tested, is accurate to within a few percent ͑excluding the effect of high kinetic energy electrons͒.
. ͑A3͒
Complex-atom model
The complex-atom model addresses the statistical nature of energy reabsorption by photoelectrons, K and L fluorescent x rays, and Auger electrons, and differs from the simple-atom model by a few percent at high spatial frequencies in high atomic number materials.
MTF pe ͑͒ = 1 Ḡ pe
NNPS pe ͑͒ = 1
